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A Comitant Curve of the Plane Quartic* 

By Teresa Cohen. 



I. The Conic on a Line and the Foue Tangents at its Inteesections 

with a Plane Quartic. 

If a quartic curve be cut by a line if and the tangents to the quartic at the 
intersections be drawn, the four tangents together with £ itself determine a 
conic. This conic is to be expressed in terms of known comitants of the quartic. 

For this it is necessary to know the degree of the conic both in £ and in 
the coefficients of the quartic. While not known directly, it may be obtained 
indirectly by finding the contact of £ with the conic. A line conic may be con- 
sidered as the locus of lines cutting four fixed lines in a given double ratio. 
Now suppose two lines £ and £' to cut the quartic in A, B, C, D and A', B', C, D', 
respectively, so that 

(AB/CD) = (A'B'/C'D'). (1) 

Then the lines AA', BB', CC, DD', £, £' touch a conic. Now allow £' to approach 
£, (A'B'/C'D') being kept constantly equal to (AB/CD). AA', BB', CC, DD' 
approach the tangents to the quartic at A, B, C, D, respectively, the conic 
approaches the required conic, and the intersection of £ and £' approaches the 
contact of £ with the latter. But £ and £', cutting the quartic in a constant 
double ratio, are lines of a known locus. Therefore, the contact of £ with the 
required conic is the same as its contact with a known curve. 

A quartic (oca?) 4 has two contravariants, (s£) 4 and (t$-) e , the loci of lines 
cut by the quartic in a self-apolar set and in harmonic pairs, respectively.! 
The locus of lines cutting the quartic in a given double ratio is 

or, more briefly, 

s 8 — M* =0, 

* Presented to the American Mathematical Society, December 28, 1916. 

f These are understood to be taken as given in Salmon, "Higher Plane Curves," so that in symbolic 
notation (*{) 4 = 4|t/3«| !! and (.t{)> = i\pytf\ya£\*\ a pi\K 
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222 Cohen: A Comitant Curve of the Plane Quartic. 

where X is a constant depending on the given double ratio. The polar point 
of £ with respect to this curve is 

(*£) 8 (*7) (*'£)*(*"? J'-Mtf)^) ( W=o, 

or s i Si—Mt 1 =0. 

If £ is on the curve, we may eliminate Jt between these two equations. 
Throwing out the factor sH, since £ is in general on neither s nor t, we obtain 
for the polar point, or point of contact, of £ 

W(8yi)(tS)'-(sZ) l (tW{t*)=0, or sJ-st^O. 
This is of degree 5 in the coefficients of the quartic and 9 in £; therefore, 
the conic itself should be of degree 5 in the coefficients of the quartic and 
8 in £, which may be stated symbolically by saying that the conic is an A^^rf. 

Under certain circumstances the degree in £ will be lowered. The fact 
that the polar of £ is s-J—sti indicates that if (s£) 4 or (tg) 6 has a repeated 
factor, this factor appears in the A 5 ^ s r; 2 . Also suppose the curve to have a 
double point and £ to be a line through it. Then £ intersects the quartic in 
points whose double ratio is 0, 1, oo according to the order in which they are 
taken. But since any line through the double point can be regarded as an 
improper sort of tangent, the question arises, What lines should be taken as 
the two tangents here? Since with this choice of £ in equation (1) A=B, 
then A'=B'. Then AA' is the same line as BB' and since the tangents at A 
and B are the limiting positions of these as £' approaches £, then the two 
tangents at the double point are to be taken as coincident. But then any line y\ 
cuts the four tangents where £ meets the quartic in the same double ratio as £ 
does and the conic becomes arbitrary. Therefore, the double points factor 
out of the J. 5 £ 8 »7 2 at least once. The degree in £ is not high enough for them 
to occur more than once. 

There are only five independent forms of proper order to make up the 
A^yf-. Therefore, 

A"l\ 2 =^l)\^)\tkY+^lY{sn){tl)\tn)^v{slY{tiY{inY 

+ 9 {sZ)\sz){s'ZY{s'*)\*W+o{sZY{s'ZY{s' a .YHv\\ (2) 

where ?*, (i, v, p, a are constant coefficients, the value of which is to be deter- 
mined. Since the conic is on £, 

MstY(m°+n(s£Y(tZY+v(sl;Y(tl:Y=0, 

%+p+v-O. (I) 

This is one relation on the coefficients. For further relations special quartics 
for which the conic is known must be used. 
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Special Cases 

A. The simplest quartic for which the conic is known is 4:X (x\-\-x\) = 0, 
representing four lines, three of which pass through the point (1, 0, 0). The 
conic for any line £ is made up of this point and the point where £ cuts the 
fourth line, # =0. Its equation is 

The double points of the quartic and the repeated factors of (s£) 4 and (t£) e 
account for an outstanding factor of degree 7 in £. Therefore, 

^W=£(£!-^)(wi&-W2li). 

By substitution in equation (2), 

^W=^(88&+$&8)(8a+120+fi> + 36p+48<r) 

+ 2 Wl [^^2(16^+18 / « + ^-54 p -96(T)+^(16X + 6 / u-18p)] 

+^-^^(6^+fr + 18p+480)+w 2 (^f+^I)(8X + 6^ + 18p). 

From this come the relations 

4a+3|U + 9p=0, (II) 

and 

(i+^v+3p + 8o=Q. (Ill) 

B. The same relations would have been obtained by use of the four 

general lines 

3 [<ci+x\+x\—2x\x\—2x\xl—2xlx\\ = 0, 

for which the conic is evidently 

*il n\ n\ 

i\ i\ & = 0. 

ill 

By including the six double points 

A*ZW= {&-%) (g-8) ($-£«(£-$) 

C. The lemniscate 

6 (x\x\+x\xl+xyc\) =0 

is another case for which the conic can be found. Since it has three double 
points, £,&&, and ( 5 £) 4 =3(£ 2 ) 2 , where (£*) = 8+11+8, the A^W has the 
factor £o£i£ 2 (D an d the conic reduces to the third degree in £. 

That the conic can be found in this case is due to the property of the 
lemniscate that a line satisfying the equation (£ z ) = cuts the lemniscate so 
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that the four tangents at the intersections meet in the point (^/^)=0, or 
(^o^i^) = 0. The conic, then, breaks up into two points, of which this is one ; 
the other, found from s x t — st x , is (£>7) = 0. Therefore, for such lines as obey 
the relation (£ 2 ) =0 the conic is 

But the conic in general can differ from this only by terms containing (£ 2 ), 
and must be of the form 

(fr)(>7o£i&) +*(£*) (W7«6>)=0. 

Since it must be on £, x= — 1. Therefore, the conic is 

(^)(%^ 2 )-(P)(>7i^o)=0, or £ £i£ 2 (>7 2 )-(w? 2 a)=0. 

It can furthermore be shown by direct proof that this conic touches the 
four tangents at the intersections of £ with the quartic. Let y be one of these 
points. Then 

(60 = 0, (y)=0- 

The tangent at y is (x/y s )=0; that is, its coordinates are 1/yl, 1/yl, 1/yl- 
Substituting these values in the equation of the conic and remembering that if 
a + b + c = 0, then a 3 + b B +c s = 3abc, we find 

t i i (1\ — /JL\ - £Mi& __ (£V) _ 3J-Q&& j/o^i^2—3 ZoZ&tfoyrft __ 
to ^ 2 \W Vj&i/ ~ yStfyi' y%y\yl~~ ylyiyl 

Therefore, the tangent to the quartic at y is a line of the conic. 

To obtain the A^^r; 2 the conic must be multiplied by the outstanding 
factor (?)&&&. 

The relations on X, /t<, ?-, p, 0, given by this special qnartic, however, are all 
more simply found from the following case. 

D. The type of the conic for the quartic %$+%{ + x\=0 can be obtained 
from consideration of 

8 1 t-8t 1 =te 1 &[(?'i)Zi£iZ*-UF)(>h£&)}- 

To give such a polar as to £ (the repeated factor £ £i£ 2 of (t%) 6 being dropped) 
the conic must be of the form 

J(£Y)£&&+»»(F»7) (>7o£i&) +«(f ) (wW, 

where Z, m, 11 are to be determined. Since the conic is on £, 

l + 3m + 3n-0. 
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For further relations on I, m, n take a special line, say through the 
reference point % =0. The line is then of the form xx x + x 2 =0, and it meets 
the curve in four points given by 

x^+il+x^xl-O. 

Let a be any one of the fourth roots of — (l+x)\ Then the four points are 
(a, 1, —x), (—a, 1, — x), (ia, 1, — x), (—ia, 1, — x) ; 

the four tangents to the curve at these points are 

a^o+ajj — j^oJjj^O, — a s x +x 1 — x s x 2 =0, — iofxo+Xx — x¥ = 0, iu?x -\-x x — x 3 x 2 =0. 

These are all satisfied by the point (0, x s , 1) ; for the line xx x + # 2 = 0, 
s x t — sij = )7 . Then for the line (0, x, 1) 

m(x 3 r a J t Yii) -x>7 + M.(x 4 + l) (>?o>7i + *>7o'72)=>7o(x 3 >7i + >?2). 
.-. ?i = 0, m = — 1, 1 = 3. 
The conic is 

By a method similar to that for the lemniscate it can be shown satisfied by 
(xy s ) = 0, the tangent at y, when (y i )=0, (£y)=0. To obtain the ^ 5 £ 8 >? 2 
multiply by £ £i£2> the repeated factor of (t£) 6 . 

Substituting in (2), 

A*e >? 2 =2^[^a(^+iiu+^+2(T) + mi+m (&+9+20) j 

+2»7ii7.^,[(^J+^l) (iP+ -^-2(T)+^(iV-2p-2<T)]. 

Then i 1 B v+p + 2<r = 0. (IV) 

This equation together with (I), (II) and (III) is sufficient to determine 
%, ft, v, p, a (or rather their ratios). 

^ = 0, ^i = 15, v = — 15, p=— 5, <r=3. 
E. The formula 

^f^ = 15( 5 8 (^)(^) 5 (^)-15(^) 4 (^) 4 (^) 2 -5(se) 3 (5a)(s'0 3 (s'a)|a^| 2 

+ 3(s£y(s'£y(s'ay\aZ«\ i 

may be tested on the general quartic 

ax\ + 4a 1 asj^ 1 + <±a 2 x\x 2 + 6/ia^a;? -f \2lx\xxX 2 + &gx\x\ + 46 *o*i + 12mx a x\x 2 

+ 12nx o x 1 xl + 4:C x o xl+bxt + 4:b 2 x\x 2 + 6fx 2 1 xl+4:C 1 x 1 xl + cx2=0 (3) 
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for a special reference triangle and line £. Let the line £ be x =0 and let two 
of the tangents at its intersections be ^ = and x 2 = 0. This requires that 

b = c = 6 =c =0. 

Then beside the two reference points (0, 1, 0) and (0, 0, 1) the line x =0 cuts 
the quartic in two points given by 

4fe 2 a;f+6/a,- 1 a; 2 + 4c 1 a;| = 0. (4) 

Let these two points be (0,-4,1) and (0,5,1). Then the tangent at (0, A,l) is 

x (3mA 2 +3nA) + x 1 (3b 2 A 2 +3fA + c 1 ) + x 2 (b 2 A s +3fA 2 +3c 1 A) =0, 

or, making use of the fact that (0,-4,1) must satisfy (4), 

x (3mA+3n) +x 1 (2b 2 A+if) + x 2 (ffA + 2 Cl ) =0. (5) 

Similarly, the tangent at (0, B, 1) is 

x (3mB+3n)+x 1 (2b 2 B+if)+x 2 (ifB + 2c 1 )=0. (6) 

The conic, being on the reference lines, must be of the form 

ao>7i>72 + ai>?2>7o + OsiWi = . 

Requiring it to be satisfied by the lines (5) and (6) gives two homogeneous 
equations in a , a x , a 2 , which can be solved for them in terms of A and B. 
But A and B enter symmetrically, so that they can be gotten rid of by use of 
symmetric functions of the roots of (4). The conic is obtained in the form 

Wi( — 4fc 2 c 1 n+3c 1 /m) -\-ri r 2 { — 4fc 2 c 1 m + 3& 2 /«) +}? 1 >7 2 (6& 2 » 2 + 6c 1 m 2 — 9fmn) =0, 

when the factor — 16& 2 c x +9/ 2 has been dropped. 
By use of equation (2)* 

A>? * 2 = vl[blclf(-S(i-8v^0) 

+ & 2 c 1 / 8 (10 / u+10vi30) 
+f (-3^-3^0)] 

+22,^ {b\c\n dii+lv^-20) 
+ 6 2 c?/ot(5|U+4t^15) 
+ fc 2 c 1 fn(— 6(i— 6r=0) 
+ c 1 fm(— 3/x— 3v=0) 
H 4 n(3ix+3v^0)] 

* For the coefficients of * and * see the note at the end of the article. 
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+2*7?[&i<fr(-&'+16p+24<y-EO) 

+ 6^fc(a* v +8or«0) 

+ 6,^(-S»-8<t-0) 

+ 6,cfmn(— 2/t— ||v— 6p— 16cr=0) 

+ & 2 c 1 f 5 r(l|r-24p-34a=0) 

+ clf]i(-%v-6a=0) 

+ b 2 cjn 2 (2[i+ f 5 v + (5 9 + 16<j^0) 

+ c 2 fm 2 ( — 3(i— 9p=0) 

+ c 1 /»|(3| w + 6<r=0) 

+ c 1 / 2 m«(6 i K+f^+18p+12<7=0) 

+/V(~^+9p+12a^0) 

+/V(—3^—ffr-9p— 12(7=0) ] 
+ 2» 7l »7,[6|c!i(-i«r-16p-32<r-0) 

+ {hlcjg+bAm (-i|v-4<r-0) 

+ (W+^y) (— ft— f|v + 15p + 32(7^30) 

+ & 2 c 1 fZ(^ r + 24p + 52a=0) 

+ b&fmn ( — ^ + J? r— 30p — 56cr = —45 ) 



+ (fe 2 /V + CiA)(iV+3<T^0) 



+ (6 2 /V + c/w 2 ) (3^ + ifr-9p-24<T=0) 

+fZ(-J|^-9p-21<r=0) 

+fmn(— 3(t— ^r + 18p+42a=0)J 

2 

= 5fc 2 c 1 [22>7 >7 1 ( — 4& 2 c 1 »+3c 1 /w) +2)7 1 J7 2 (6& 2 n 2 +6c 1 w 2 — 9fmn) ]. 

Therefore, £fte conic o« a line % and the tangents at its four intersections with 
a quartic is given by 

15 (s£) s i (sn) (tS) s {tn) -15 (*{)«(^)*(^)'-5 (s£) 8 (sa) (*'£)•(*'«) |afr|* 

II. The Locus of Lines Meeting the Quartic so that Three of the 
Tangents at the Intersections Are on a Point. 

For certain lines £ the conic breaks up. These are the lines such that 
three of the tangents at the intersections with the quartic are on a point. The 
discriminant of the A 5 £ s ri 2 , an A lb £ 2i , is therefore the locus of such lines. The 
line equation of the quartic does not enter into this J. 16 £ 24 , as may be seen 
from case E above, where 16 b 2 c x — 9/ 2 , the condition that # =0 be tangent to 
the quartic, is not a factor in the discriminant of the conic. 
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The expression obtained for the A b Z 8 y] 2 is of the form 

( a&l + M 2 . + c x x\ -f 2f x x x x % + 2g 1 x 2 x + 2 /Mv^i ) 
+ ( a 2 x\ + b 2 x\ + c 2 x\ + 2f 2 x x x 2 + 2# 2 :z; 2 a; + 2 ft 2 avzi ) 
+ ( a 3 x\ + b s x\ + c s xi + 2f % x x x 2 + 2# 3 avc + 2\x^x x ) 
+ ( «4«o + M! + c 4 a| + 2/4*^2 + 2g i x i x + 2^00?! ) . 
Therefore, if 



then 



athQi 




3 


ctihffj 


6 


a i h j g k 


h b { f t 


, An = 


= 2 


h b t fj 


» Ayj. = ^ 


hi b t f k 


9i fi Ci 






9i fi c, 




9i fj c k 



A lb £ u = 



a 1 + a 2 + a s + a i ^-t-^+^ + T^ 9i+9^+9s+9i 

h+h+h+h b x +b 2 +b z +b, h+u+h+ft 

9i+9i+9s+9i /1+/2+/3+/4 Ci + Ci + Cs + Ct 



i 12 i 

2A m +2A 112 + 2A m , 



where 

A m = 0, A 33 s = 0, A iU = 0, 

A m = -^{sZ)\s>z)\s"zy{tzy{ny{t"zy\tt't"\\ 

\iz = -m(sZ) i (s'£y(s"i;y(tzy(ny(t''zy\m''\> 

--3(szy(s'Z) 3 (s''zy(tzy(t'i;y(t"ty\sTt" \\s"t>t" \\, 
^ = f-(s^y(s^y(s^y(^y(ny(t"^y\m"\\ 

A 118 = ^(sty(sa) (s'ty(s'a) j ( S "£) 3 (s"a) (s'"Z)'(s'"a) (tf) 6 (*'£)« 

-2(5"£) 4 (s"'0 8 (s'"a)(^) 6 (^) B (^'a) 

+ (a w ?) 1 (* , "?) 4 (<0 5 (te)(^) 8 «'a)j, 

a 1m = -i%*( S zy(s'zy(s'ay\ ( S "£) 3 (s"«) ( S '"ty(s>"a) (tzyiny 

-2(s"Zy(s'"Zy(s">a)(t£y(t'Zy(t'a) 

+ (s"£y(s'"Zy(tZy(ta)(t'l;y(t'a)\, 

A Ui = ^(s^y(s^y( S '^y(s''^y(s'''ay(s^y(s i wy\aa'E\ 2 m e , 

A 223 =-15 2 .5(^) 4 (^) 4 (s"0 3 (5"a)( 5 '"0 3 (5'"a) 

\(tty(t'zy(t'ay-(ti;y{ta)(t'zy(t'a)\, 

A m = 15 2 .3(^) 4 (s'0 4 (s"0 4 (s'"0 2 (5'"a) 2 

1 (*f) a (*'f) 4 (*'«)*— (*€)*(*a.) (f£) 5 (*'«) \, 



A 2U = -^(s£y(s'zy( S ''£y(r'EY i (s'''a)Hs»zy(s™aT\**'£\Ht£y, 



A 334 = 0, A 344 = 0, 



A 123 = 15*.5(s£y(s'cy(s"Zy(s"a) (s'"Z)*(s"'a) 

\ (tty(t'i;y(t'ay-(tZy(ta) (tWa) \, 

A 12i = -i5 2 .3(szy(s'zy(s"ty(s'"zy(s'"ay 
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A m = -15 2 (^) 4 (^) 4 (s"s C ) 3 (s"a)(^"l) 3 (s'"a)(5 , \ c ) 2 (s iv «) 2 |aa^| 2 (^) 6 , 
A B4 = 15«(^)*(^) 4 (s"g)»(*"a)(«'"0 ,, («'"a)(^) i (* ,T a) 2 |«a'S| , (^) 6 - 

15 2 
Then for convenience dropping the factor — - , 

8 

A 1 ~»e i = 5(s£) i (s't) i (s"£y(t£) i (t'Z) i (t"Z) i \tt't"\* 

-15(sZ) i (s'Zy(s"Z) 3 (tZy(t'Z) i (t"£) i \s't't"\\s"t't"\ 
-2\5( S ?y(sa)(s'Z) s (s'a)-3( S ?y(s'Zy(s'ay-\ 

\(s"zy(s"a)(s>"zy(s'"a)(tzy(t'zy 
-2(s"zy(s'"zy(s'"a)(tzy(ny(t'*) 
+ (s»zy(s"'zy(tw{ta){ny(t'a)\. 

Special Cases. 

The correctness of this formula may be tested on the special cases given 
before for which the conic is known. 

A. For the quartic 4:X n {x\-\-x\) =0 

B. For the four lines 3 [xi+x\+x\—2x\x\—2xlicl—2x&l\ =0 

-4 15 P = (£!-g) 4 (£i-£).*(8-£)'. 

C. For the lemniscate 6[#?aji + <r|a^-|-a;oa^] =0 

A"? = 180 • 162 2 (f )<%£%[ (f ) 2 -3 (?&) 1 • 

D. For the quartic x* o +x{-\-x 4 2 =0 

at = **&&&[{?) mt) -9M&] • 

In each case the result obtained by the formula agrees with that obtained 
directly from the A & £ 8 rf. 

It should be noted that the double points and repeated factors of 5 and t t 
which occur once in the A 5 '^r 2 and therefore would be expected to enter the 
A u £ 2i three times, actually occur four times. 

Singular Lines of the Locus. 
Of special interest in connection with the A 15 ^ 2i are the lines £ such that 

that is, the contact of £ with the A h '^r 2 is indeterminate. This occurs 1) if s 
or t has a repeated factor; 2) for the common lines of s and t, the stationary 
lines of the quartic; 3) for the lines having the same polar point as to 5 and t. 

1) For the general quartic neither s nor t has repeated factors. There- 
fore, this case need not be discussed here. 

2) It is evident that the common lines of s and t are double lines of the 
30 
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A lb £ u , for every term of the latter contains either s 2 , st, or t 2 . Furthermore, 
the polar conic when s = t = becomes 

(*£) 3 (S*7) (s'£) 8 (s'»7) • - 2 Hs"Z) S (s"*) (s'"£y(s'"a) (t^(ta) (t'^(t'a) 

+ Wis*) (Wit*) [20(.s'O 3 (s'a) (s"£) s (s"a) ( S '"Z) s (s'"a) (*'|) 8 (*'o) 

—15(s'Z) 2 (s"£) s (t'£) 4 (t"£) i \s't't"\\s"t't"\] 

+ (tZYitn) (t'Wit'n) ■ -15(s£) 3 (sa) (s'Z) 3 (s>a) (s"^ 3 (s"a) {s'"Z) s {s'"a). 
But (s"Z) 3 (s"a)(s'"£) 3 (s"'a)(t£) 6 (ta)(t'£) 5 (t'a)=0 is the condition that the 
point (s£) 3 (s>?) He on the polar conic as to the quartic of (tj;) 5 (ty) , a condition 
known to be fulfilled when £ is a stationary line of the quartic, since (t£) 6 (tv;) 
is the flex itself. Therefore, the coefficient of (s%) 3 (syi) (s'£) s (s'ri) vanishes, 
showing that (t%) b (tr;) is one of the points of contact of £ with the A l5 l~ 2 \ 
Therefore £ is not only a double line of both the A 16 £ 24 and the quartic (ax)*, 
but also has one point of contact the same in each case, so that the stationary 
lines account for 24(2 • 2 + 1) = 120 of the common lines of the two curves. 

3) For a line £ to have the same polar point as to s and t requires that 

Wso = (fil!^ = (*£)'*« 
(tzyt (tzyt, myu 

These equations have 25 + 9 + 15=49 solutions. Among these must be in- 
cluded the twenty-eight double lines of the quartic, for both sJ—st^O and 
s%— 27« x b=0 hold if s s —27f—0, which is true for the double lines. The 
remaining twenty-one lines are those which meet the quartic so that all four 
tangents at the intersections are on a point; they correspond to the twenty-one 
double points of the Steinerian, which are points whose polar cubic is a conic 
and a line. For all of these lines the A 5 % 8 yi 2 is degenerate, so that they are at 
least lines of the A 15 !; 21 . But presumably they are more than this, and indeed 
the twenty-one lines are at least triple lines, for they cause the A 5 £ s iq 2 to vanish 
identically. If these lines are double lines, their polar points as to the A lb ^ 2i 
should vanish. But the polar point of £ when s x t — 5^=0 becomes 

-U^yis"^ i [(m i (ny(t"^y\m"\ 2 (s^y(sy 1 ) 

-(szy(rzy(t"ty\m"\ 2 (tzy(tn)], 

and it is not evident that this vanishes. Furthermore, though it can be shown 
that {t"£y{t"%y\t't"x\ 2 is a numerical multiple of 

9(s£y(say(axy(t?y— % !{sZy{t<zy{tay{axY l 

+ 10(sO s (s<*)(s'Zy(s'a)\aa'£\ 2 (a'xy-f(sZy(s'£y(s'ay\aa'£\ 2 (axy 
+ (*£) [-IS (st) 2 (sol) 2 (tty(ta) (ax) +™-(s$y (t*y (la) 3 (ax) ] 

+ (x^y[ 1 i(say(^y- 2 i(s^y(say(m i (tay+f(s^y(sa)(^y(tay 

the substitution of this value does not give an expression that vanishes on 
its face. 
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Let us first consider the double lines for the general quartic (3) with a 
convenient reference triangle. Let x = be a double line with contacts 
(0,1,0) and (0,0,1), and let (1,0,0) be the polar point of x as to both s and t* 
This reference scheme requires that in the equation of the quartic 

b — c = b 2 = c x = m — n = . 

Then (giving only the highest powers of £ ) 

;1\ C V = »?Sr270& Cof8&ik+ . • • . ] +yil[-90b o cim^+ ....] 
+yil[-90blc f^. 2 + . . . .] 

+ 2y ll y 1 d-^b cJ^ + 135c fh^ 1 + 135b fgm 2 + • • • •] 
+ 2> 7o > 72 [-456 c f^ 1 + • • • • ] + 2 W7l L-45& c f£<£ 2 + ••••], 
so that 

A v>zu _ _ 90b s clf£t%^ + lower powers in £„. 

Therefore, the double lines of the quartic are also double lines of the J. 15 ^ 24 
with the same contacts. They then account for 28(2- 2 + 2) =168 common 
lines of the two curves, and since it has already been shown that the stationary 
lines account for 120, all of the 24x12 = 288 common lines of the A Vo l u and 
the quartic (in lines an A 6 £ 12 ) are accounted for. 

For the twenty-one lines giving four tangents meeting in a point (which 
point is the common polar point of the line as to s and t) choose a reference 
scheme where « = is one of these lines with two of its intersections as (0, 1,0) 
and (0,0,1) and let the tangents at these two points be x 2 = and x x = 0, 
respectively, so that (1,0,0) is the meeting point of the four tangents. Then 

b = c — b = c =m = n =0. 

A b ^r{- = yiI [terms beginning with l$£\] 

+ >7?f^ i e 2 (120&ic^-360fc 2 c! 5 r/i-1806 2 ^Z + 270c 1 /^/0 

+mU24,0blc 1 gl-90blfg°--90b. 2 c l fgh) + ....] 
+ *ttm(?4:Qb 2 cyil-90hc 1 fg}i-90clfh i ) 

+ ^M—360blc 1 gh + V20b. 2 c 2 l h 2 -180b 2 c 1 fhl+270b 2 fgh) + ....] 
2>7i^f^^(30&^ 2 -1206 2 c^fe + 90cfft 2 + 120& 2 ^ 2 -90& 2 c 1 /^Z 

—180<%fhl + 135cjfgh) 
+E 6 o^2(—^Oblc 1 gl-120b 2 c\M-90blfg i +54:Ob 2 c 1 fgh 
— 904f¥-180b. 2 c 1 fl i + 270b 2 fgl + 27 Cl fhl 

— 26lf B gh— 16$ fl 2 ) 
+ ^l(90biy~^20blc 1 gh + 30b 2 cVi 2 + 120blc 1 l i -lQ0btfgl 

—90b 2 c 1 fhl+13ob 2 fgh) + ....] 
+ 2^d^i(^blcll-15blc 1 fg-15b 2 clfh) 

+ e £ 2 (-G0blc ig + 20blclh--30blc 1 fl + 4:5bifg) + ....] 
+ 2wi[^i(20&lc 2 ^-60& 2C ^-306 2 c 2 ^ + 45c 2 f^) 

+ ^U^olc\l-^b\cJg-^h 2 c\fli) + ....]. 

* It is evident that this polar point can not lie on the double line itself, for then the latter would 
have to be a line of both s and t, all of whose common lines are accounted for by the stationary lines of 
the quartic. 
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From this it is evident that £jf is the highest power of £ that can enter into 
the A lb g 2i . Therefore, the twenty-one lines are quadruple lines of the locus. 
There is no reason for supposing that the A 1 '!* 24 has any more singular lines. 

Note. 
{sty - 4^+^ + ^+4^ 1 ^ 1 +4^ 2 ^ 2 +4i?„^o+4i? 2 ^ 2 +4C^o+4C 1 ^ 

+6F^ 2 2 +6^I^+6H^?+12L^ 1 ^+12M^„^ 2 +12^o^, 
where 

A = be— 4Vi+3f, 

A x = — cb a + b 2 c + 3 c x m — 3fn, A 2 = — &e + &(A + 36 2 w — 3fm, 

F = af— 2a x n — 2a 2 m+gh + 2l 2 , 

L = b c a —b. i g—c 1 h+2fl—mn. 

(#)• = ZAJZl+6kA^% 1 +15iA^1Z\+30kA m Zi£ l Z t +20kA^& 

+602A m e&£ t +90A ia g t &8 t , 
where 

A m = bcf-bc\-cbl + 2b i cj-f, 

A m = i[—bcn + bc c 1 —2cb a f+3cb 2 m+2b cl—b 2 c () f—2b 2 c 1 n—3c 1 fm + 3fn], 

■A m = fdbeg— bcl+8cb Q ii— 6cb 2 l+6cfh— 9cm 2 — 8& c<A+2& 2 Ci#— 6e 2 7t 

+ 4:b t p n + 6cjm+6cjl + 12c 1 mn— 3fg— 12/« 2 ], 
■A 4ii = is [ 2bcl—3bc 1 g—3cb 2 h + bc n + cb ( ^m+9b c f—10b c 1 n—10b 2 c m 

+<kb 2 c 1 l+3b 2 fg+3c 1 fh + 6b 2 n 2 +6c 1 m 2 —6fl—3fmn], 
^330 = ^[cojfez— 2coi/— 2cb$—§chn+9clm+2a 1 c\+2b< ) cl—a 2 c 1 f—b 2 c l) g 

+600^/2 — 3c /J — 3c l gm — 6c mn— 6c 1 ln+6fgn +4« 3 ] , 
J 321 = ^[— ftcaa+Sc^fca+fcCo^— 5cb l+3chm— 2a 2 b 2 c 1 — 3a 1 c 1 /H-ll& o Ci0 

+ Sb. 2 c l—6b c n +3aJ 2 —15c fh + 1 2c 1 hn —9b 2 gn + 12c m 2 —lSc 1 lm 

—Zfgm + 15 fin — 6mw 2 ] , 
^ 222 = 9 1 o[ a & c + 2a ^i+2&a 2 c +2ca 1 & — 3a/ 2 — 3bg 2 — 3ch 2 — 20a 1 & 2 c<> 

— 20a 2 & Ci + 24a 1 c 1 m + 24a 2 fe 2 w + 24:b cJ—6a 1 fn—6a 2 fm—6b gn 
—6b 2 gl—6c a hm—6c 1 hl+'18fgh—30fr-—30gm 2 —30hn 2 +mmn}. 

All the other coefficients can be found by symmetry from those given here. 

Johns Hopkins University, October, 1916. 



